In the study of open quantum systems, one typically obtains the decoherence dynamics by solving a master equation. The master equation is derived using knowledge of some basic properties of the system, the environment and their interaction: one basically needs to know the operators through which the system couples to the environment and the spectral density of the environment.
I. INTRODUCTION
For most problems of practical interest, the Schrödinger equation describing the evolution of a quantum system is too complicated to be solved exactly. Numerical simulations are therefore commonly employed for this purpose. However, simulating quantum systems on a classical computer is a hard problem. The dimension of the Hilbert space of the system increases exponentially with the size of the system (e.g., the number of particles in the system). On a quantum computer, on the other hand, the number of qubits required to simulate the system increases linearly with the size of the system. As a result, the simulation of quantum systems is more efficient on a quantum computer (see, e.g., [1] [2] [3] [4] [5] [6] [7] [8] ) than on a classical computer.
In general, quantum systems are never perfectly isolated from their environments, and in some cases they must be treated as open systems. Understanding the dynamics of open quantum systems is therefore important for studying various quantum phenomena [9] [10] [11] [12] [13] [14] .
However, the simulation of open quantum systems on a classical computer is also a hard task. In addition to the exponential increase in the size of the Hilbert space of the open system, one also has to consider the effect of the environment, which adds even more degrees of freedom to the problem.
The
Hamiltonian for an open quantum system coupled to an environment can be expressed as
where H S , H B and H I represent the Hamiltonians of the open system, the environment and the interaction between the open system and the environment, respectively. The interaction
Hamiltonian H I can usually be written in the form
where the operators A i and B i act in the state space of the open system and the environment, respectively. In general, the environment has a large number of degrees of freedom. Therefore the Hamiltonian in Eq. (1) for the global system becomes too complicated to be solvable.
However, one is usually only interested in the evolution of the open system, and not the environment. It turns out that for environments that have short correlation times (i.e., no memory effects) and induce slow decoherence in the system, the microscopic details of the environment are not important. For purposes of analyzing the dynamics of the system, one only needs to know a quantity called the spectral density of the environment. The spectral density characterizes the frequency distribution of the noise from the environment on the open system. It combines the density of the environment modes and the strength of the coupling between the environment modes and the system. For a small set of discrete modes, the spectral density would consist of a sequence of peaks. However, the frequencies of the environment modes are usually so dense that the spectral density is a smooth function of frequency [12] . In the case where the environment has no memory effects (also referred to as Markovian dynamics), the evolution of the system can be obtained by solving the so-called master equation, which in the interaction picture has the form [13] Hamiltonian as shown in Eq. (2) . The operators A i (ω) can be very complicated in matrix form depending on the details of the open system. The coefficients S ij (ω) are given [13] by
where
and we have set = 1. The operator B i represents the i-th operator that acts in the state space of the environment in the interaction Hamiltonian as shown in Eq. (2). The nonnegative quantities γ ij (ω) play the role of decay rates for different decay channels of the open system and are given in terms of certain correlation functions of the environment [13] 
If one were to try and simulate the dynamics of a large open quantum system on a classical computer, one would be faced with the problem that the number of basis states grows exponentially with the size of the open system. The master equation that describes the dynamics of the open system becomes too complicated to be exactly solvable, and sometimes it is even practically impossible to derive the master equation. One natural possibility for tackling such problems is therefore to use quantum simulation.
There has been some work on the quantum simulation of open systems in the literature.
In Ref. [15] , the authors suggested an approach for simulating the Markovian dynamics of an open quantum system on a quantum computer. They showed that the simulation of the Markovian dynamics can be reduced to building generators for a Markovian semigroup.
However, as mentioned above, the generator for the Markovian semigroup can be difficult to obtain for a large system. In Ref. [16] , an approach for preparing the thermal equilibrium state of an open quantum system was suggested. Small-scale open system quantum simulators have also has been demonstrated experimentally [17, 18] In this paper, by extending the approach of Ref. [16] , we present a quantum algorithm for simulating the Markovian dynamics of an open system given the following information:
the Hamiltonian of the open system, the operators through which the open system interacts with the environment, the spectral density of the environment and the temperature. This information forms the input of the simulation.
The structure of this work is as follows: In Sec. II, we present an algorithm for simulating the dynamics of an open quantum system. In Sec. III, we estimate the resource requirements for the algorithm. In Sec. IV, we provide an example for the algorithm. We close with a conclusion section.
II. THEORETICAL DESCRIPTION OF THE ALGORITHM
In general, there are three steps in simulating the dynamics of an open system on a quantum computer: first, preparing the initial state (see, e.g., [19] [20] [21] [22] [23] [24] ) of the open system and the environment; second, implementing the dynamics on the open system and finally reading out the state of the open system. We will focus on the step of implementing the dynamics of the open system, and briefly describe the other two steps of the algorithm in subsection II.C since they have been discussed in the literature.
A. Constructing a model Hamiltonian for the global system
In general, the details related to the environment in Eq. (1) are unknown. However, as mentioned above, one does not need to know all these details in order to obtain the system dynamics. One therefore has a good amount of freedom in constructing a model
Hamiltonian for the environment. One could therefore say that under the Born-Markov approximation the spectral density is the only piece of information that one needs to know about the environment (see e.g. Ref. [12, 14] ). Therefore, as long as the spectral density of the model environment matches that of the real environment, the effect on the system will be the same.
In theoretical studies it is common to model the environment by a bath of harmonic oscillators. For an open system in such an environment, the environment Hamiltonian takes the form
and the interaction Hamiltonian can be expressed as
where b † k (b k ) are the creation (annihilation) operators of the environment modes; ω k are the frequencies of the environment modes and c k are the coupling coefficients between the open system and the environment modes; A k are operators that act in the state space of the open system and depend on the coupling mechanism between the open system and the environment. For a set of discrete modes, the spectral density is usually written as [12] 
where m k is the mass of the k-th oscillator. The δ in Eq. (9) is not restricted to infinitelysharp δ-functions, but to δ-function approximants.
For purposes of simulating the dynamics of an open quantum system on a digital quantum computer (which is based on two-state qubits), it is probably more natural to model the environment as a bath of two-level systems or spin-1/2 particles. Such models are also sometimes used in theoretical studies (see, e.g., [25, 26] ). For an open system in a spin bath, the environment Hamiltonian and the interaction Hamiltonian can be expressed in the form
and
respectively, where σ The transverse component induces relaxation, whereas the longitudinal component induces pure dephasing. As will be explained in Sec. II.D, there is a simple alternative method for simulating pure dephasing. We therefore take g r = 1 and g ϕ = 0. The spectral density can then be expressed as [25] 
The difference between Eq. (9) and Eq. (12) is mostly a matter of convention.
The environment mode frequencies ω k and the coupling coefficients c k can be determined as follows: We discretize the frequency spectrum of the environment modes in the full frequency range from ω min to ω max into d elements where each element has a width ∆ω:
Correspondingly, the spectral density of the environment, J (ω), is discretized and has the value J (ω k ) for the k-th element, where ω k is the frequency of the k-th element that represents the k-th environment mode. For a given ω k , by making the following approximation
the corresponding coupling coefficient c k between the k-th element and the open system can be obtained. Then the model Hamiltonian is constructed based on the given information of the global system and will be used in the implementation of the algorithm.
B. Simulating the Markovian dynamics of an open system
The dynamics of the open system is described by the evolution of the reduced density matrix obtained by tracing out the environment degrees of freedom from the density matrix of the global system:
where ρ S (t) and ρ(t) are the density matrices of the open system and the global system, respectively. The density matrix ρ(t) undergoes unitary evolution
Ideally open system on the environment is small and can be ignored. Therefore, the state of the global system at any time t can be approximately described by the tensor product [13] 
where ρ th B is the thermal equilibrium state of the environment and can be written as
with and |j (E j ) are the eigenvectors (eigenvalues) of the environment Hamiltonian H B , Z is the partition function
where β = 1/k B T , k B is the Boltzmann constant and T is the temperature. Note that in the absence of interactions between the environment qubits, the eigenstates |j can be written as a tensor product of the states of the environment qubits
and the eigenvalues E j can be written as a sum of the eigenvalues of the Hamiltonians of the environment qubits for the corresponding eigenstate |j
As a result, the thermal-equilibrium state of the environment is a tensor product of the thermal-equilibrium states of the individual qubits:
denotes the thermal equilibrium state of the k-th environment qubit and
An alternative method that can be used to obtain the Markovian approximation for a relatively small environment is to frequently force it back into its thermal-equilibrium state.
This process can be implemented relatively easily on a quantum computer, where one has full access to all the qubits. The procedure for simulating the Markovian dynamics of the open system is therefore as follows: Set the environment to its thermal equilibrium state, couple the open system to the environment modes and let the global system evolve for some time, then reset the state of the environment to its thermal equilibrium state. Repeat this process many times and then read out the state of the open system. Mathematically, the evolution of the open system in one step is expressed as
where ρ j (jτ ) = ρ (v) read out the state, or the desired observable, of the register R S .
In general, the different terms in the model Hamiltonian do not commute. We therefore employ the Trotter-Suzuki formula [27] for implementing the unitary operation U(τ ) = exp(−iHτ )
where n 0 is a finite but large number.
In many cases, one is interested in the value of some physical properties of the open system in the thermal-equilibrium state, such as various correlation functions, the partition function, etc. The thermal equilibrium state of the open system can be obtained by repeating the steps (ii) − (iii) until the open system reaches its thermal equilibrium state [16] .
Note that the steps followed in implementing the algorithm explained above are the same as those used in the algorithm of Ref. [16] . The goal of that work, however, is different from the goal of our work. Our algorithm simulates the dynamics whereas the algorithm of Ref. [16] aims to prepare the thermal equilibrium state of the system. This difference in the purpose of the algorithm leads to a number of further differences. For example, in our case, we have to design the interaction Hamiltonian and the parameters of the environment such that we accurately reproduce the spectral density of the environment. In Ref. [16] , one only requires that certain inequalities are satisfied in order for the environment register to act as a good environment. In other words, the exact speed of reaching thermal equilibrium is not a crucial issue in that work, as long as the thermal-equilibrium state is reached in polynomial time. In contrast, if for example there is some symmetry in the simulated system that prevents it from reaching the thermal-equilibrium state, then our algorithm would still be considered to work successfully if it produces the correct dynamics, even though the thermal-equilibrium state is never reached.
Timescales
At this point we should make a few comments regarding the time scales involved in applying the algorithm. The time interval τ should be very short compared with τ S (so that the state of the open system changes slightly during τ ). The time τ can be considered the memory time of the environment since the environment is reset to its thermal equilibrium state at every time interval τ . Since the timescale for dynamics involving the system and a resonant mode of the environment is given by the inverse of c i times a matrix element between energy eigenstates of the system, the Markovian condition would require that τ must be small compared to this timescale, such that that the change in the system's density matrix is small during the time τ . When constructing the model Hamiltonian, the frequency spectrum of the environment is discretized into many elements where each element has a width ∆ω. This width ∆ω must be at most on the order of 1/τ to make sure that the different δ-peaks have large overlap and produce a smooth spectral density since the width of the δ-peaks is on the order of 1/τ . 
Sequential application of the different dissipation channels
In the above procedure for simulating the dynamics of an open quantum system, we have assumed that each mode in the environment is represented by one qubit. In the quantum circuit shown in Fig. 1 (a) , the environment quantum register R B is prepared in the thermal equilibrium state of all the environment qubits with all the different frequencies.
The operator U(τ ) acts in the state space of the system qubits and all the environment qubits.
In this subsection, we show that one can reduce the number of qubits required to represent the environment by having each qubit represent multiple environment modes. In this approach each "evolve-reset"step in the algorithm above is split into multiple evolve-reset steps, and in each one of those steps a qubit represents one environment mode. However, the qubit is reset to different frequencies in the different steps such that it produces the effect of multiple environment modes on the system. Under certain conditions even a single qubit can be used to represent the entire environment: the parameters of this qubit are sequentially alternated between several different settings such that the sequence covers all the dissipation channels of the environment.
In the master equation shown in Eq. (3), the derivative of the reduced density matrix of the open system is described by a sum over the decay processes of the open system through all the different dissipation channels. In the simulation algorithm, the decay of the open system in one step of the evolution can be expressed as
where Γ is a superoperator that describes the decay of the open system and it is a sum over If the open system undergoes a small change during the time τ , such that τ Γ ≪ 1 (i.e., all the eigenvalues of Γ times τ are much smaller than 1), then the evolution of the open system can be approximated as Hamiltonian for the open system interacting with the i-th set of the environment modes is given by 
If this Hamiltonian is now applied for a time τ , then after covering all the different envi- can introduce a large error. On the other hand, if we use more qubits to represent the environment, the errors will be smaller because there will be fewer terms in the sum for the error.
In the algorithm, the initial state of the global system is set to ρ S (0) ⊗ ρ th B , where ρ S (0) is the initial state of the open system and ρ th B represents the thermal equilibrium state of the environment. To prepare the initial state of the global system on a quantum computer, we prepare two quantum registers R S and R B to represent the open system and the environment, respectively. In general, the thermal equilibrium state of the environment is a mixed state.
In order to prepare the mixed state ρ th B as shown in Eq. (19), we can generate a random integer j, where j ∈ [1, L], with probability P j . Then we prepare the corresponding state |j on the quantum register R B . We repeat this step many times. This procedure produces an ensemble (in time) of states |j with the corresponding probabilities P j . This ensemble gives the same effect as the case where the quantum register R B is prepared in a thermal equilibrium state in every time step.
As discussed in subsection II.A, in the absence of interactions between the environment qubits, the thermal-equilibrium state of the environment is a tensor product of the thermalequilibrium states of the individual qubits as shown in Eq. (24) . In such cases, the thermalequilibrium state of the environment can be prepared in a simpler way: randomly generating 0 or 1 with respective probabilities (1 − p k ) and p k , then preparing the corresponding states |0 or |1 on the environment qubit, and repeating this step many times, the mixed state ρ th B can be prepared. In this procedure, an ensemble (in time) of states |0 and |1 with the corresponding probabilities p k and (1 − p k ) is produced, and it gives the same effect as the case where the environment qubit is prepared in a thermal equilibrium state in every time step.
Observing the decoherence dynamics can be performed in a number of different ways.
For example, the phase estimation procedure [27] can be used to measure the energy of the open system, and one can then monitor the dynamics of the energy distribution.
Alternatively, any matrix element in the density matrix of the open system can be obtained using a quantum estimator [28, 29] as shown in Fig. 2 . In the circuit for the quantum estimator, if we prepare the second register in the state |ϕ and the third register in the state |ψ , then the value of | ϕ|ψ | can be estimated by performing single-qubit measurements on the index qubit. Through some derivation [28] we have where P (0) is the probability for obtaining the state |0 in the index qubit. If the third register is in a mixed state ρ S , then we have
For the readout of the state of the open system in some chosen basis {|n }, any diagonal element ρ S nn = n|ρ S |n can be estimated by preparing the second register in the state |n and the third register in the state ρ S . For the off-diagonal elements ρ S mn = m|ρ S |n , the real part of ρ S mn can be estimated by preparing the second register in the state |ϕ = (|m + |n ) / √ 2.
The imaginary part of ρ S mn can be estimated by setting |ϕ = (|m + i|n ) / √ 2.
The circuit shown in Fig. 2 For an open system coupled to many fluctuators, the Hamiltonian for the system can be expressed as [30] [see Eq. (11) for comparison]
the random functions ξ i (t) characterize the fluctuators' state, instantly switching between ±1/2 at random times. Therefore, the simulation of the open system coupled to a bath of many fluctuators is reduced to simulating a closed quantum system, which will reduce the resources required for performing the simulation.
In simulating the dynamics of a quantum system coupled to many fluctuators, we prepare the initial state of the system on a quantum register, then implement the unitary operation U = exp (−iHτ ). Since the signal χ (t) is random, to obtain the evolution of the quantum system, we have to run the algorithm many times with a different signal χ (t) in each run.
The noise spectrum of a noise signal is defined as [31] s
In order to generate the telegraph-noise signal [32] , we assume that the environment contains a number of fluctuators. Each fluctuator switches between two possible configurations with switching rate γ i , and couples to the system with a coupling strength v i . The corresponding contribution of a fluctuator to the noise spectrum is a Lorentzian [31] ,
The (low-frequency) noise spectrum of the entire environment is the sum of the noise spectra of all the fluctuators 
where G is a constant.
E. Simulating the non-Markovian dynamics of an open system
The quantum algorithm presented above for simulating the [13] . Examples of this situation include the relaxation dynamics of an atom through a cavity that has a high quality factor (see e.g., Ref. [13] ) and the relaxation dynamics of a superconducting qubit close to resonance with a coherent two-level defect (see e.g. Ref. [34] ).
When a small number of degrees of freedom in the environment are responsible for the non-Markovian dynamics, and assuming that one has sufficient understanding of these degrees of freedom (i.e. their intrinsic Hamiltonian, their coupling to the system and their decoherence mechanisms and rates), it becomes relatively straightforward to include them in the algorithm. One now adds the appropriate number of ancilla qubits needed to describe these degrees of freedom. When implementing the evolve-reset part of the algorithm, one treats the additional degrees of freedom as part of the system, i.e. they are not reset to their initial state. When the measurement is performed at the end of the algorithm, however, only the system qubits are used and the additional degrees of freedom are ignored. This step corresponds to taking the trace over the state of these degrees of freedom.
The introduction of the additional degrees of freedom increases the resource requirements (which will be the subject of Sec. III) as follows: the number of qubits used in implementing the unitary operation U(τ ) is increased by log(D ext ), where D ext is the number of degrees of freedom in the environment that are responsible for the non-Markovian dynamics. Since the interactions in the expanded system should still be local, the scaling of resources will still be polynomial in system+ancilla size and therefore efficient.
F. Implementing environments other than spin baths
Our algorithm simulates the effect of the environment using a set of ancilla qubits that each represents one spin in a bath of independent spins [35] . This type of environment is rather straightforward to implement, since the properties and manipulation of the environment are done by considering the ancilla qubits one at a time. For a variety of purposes, this spin bath is sufficient for the implementation of the desired quantum simulation. However, the spin bath has certain limitations. For example, the two-level nature of the environment elements (i.e., spins) means that increasing the temperature will reduce the number of spins that are in their ground states, thus reducing the relaxation rate induced by this environment [26] . This behavior contrasts with the case of a bath of harmonic oscillators, where both relaxation and excitation rates increase with increasing temperature. Therefore, if one is interested in the temperature dependence of the dynamics, one needs to be careful about the differences between different types of environments.
One possible technique to use a spin bath in order to simulate an oscillator bath and obtain the correct temperature dependence is to calculate a modified (temperature-dependent) spectral density for the spin bath and use this spectral density in the simulation. Alternatively, different types of environments can be simulated by modifying the algorithm such that each element in the environment is encoded into multiple qubits that are treated as a single physical object. For example, one could use n environment qubits to represent the lowest 2 n energy levels of a harmonic oscillator and then design a Hamiltonian where this harmonic oscillator represents one mode in the environment. Thus, one can simulate the dynamics of an open quantum system interacting with a bath of harmonic oscillators. Note that the state preparation and the form of the Hamiltonian become more complicated in this case than in the case of a spin bath. Algorithm # of qubits # of operations
III. RESOURCE ESTIMATION
In this section, we discuss the resources including the number of qubits and the operations needed for implementing the algorithm.
As shown in Fig. 1 (a) , the number of qubits required for simulating the Markovian Fig. 1 (a) is m × (2d + 1) n 0 . Note one could obtain higher efficiency using higher order Suzuki-Trotter formulas, as discussed in Ref. [36] In the second approach we presented, the environment is represented using a few or a In preparing the initial state of the global system, we have to prepare the thermal equilibrium state of the environment, which is a mixed state, a number of times. To prepare the thermal equilibrium state ρ th B as shown in Eq. (19), we prepare the state |j with the corresponding probability P j , and repeat this step many times. In running the algorithm, these basis states are fed to the register R B in the quantum circuit in Fig. 1 (a) one at a time, and run the algorithm many times with the the register R B prepared in the basis states. For each basis state |j , we need to reset the state on the register R B m times in the algorithm. To do this, we need to erase the state on the register R B and then prepare R B in state |j . We can first perform a measurement on the register R B , the state on R B collapse to a basis state, then we can perform a unitary operation to rotate this state into the state |j . Table I .
In this subsection, we consider the example of simulating the Markovian dynamics of a two-level system that is immersed in a thermal bath of independent two-level systems. The
Hamiltonian of the global system is given by
where σ x and σ z are the Pauli operators, and ω s and ω k are the frequencies of the two-level system and the environment modes, respectively. The first term is the Hamiltonian of the open system, the second term is the Hamiltonian of the environment and the third term describes the interaction between the open system and the environment.
In this example, assuming Ohmic dissipation, the spectral density of the spin bath is expressed as [25] 
where α is the dissipation coefficient and ω c denotes the cutoff frequency (ω c /ω s ≫ 1).
Below we specify frequencies, temperatures and times using a standard unit frequency ∆ 0 .
We first set ω s /∆ 0 = 1, α = 2 × 10 The coupling coefficients c k are determined using Eq. (14) .
For this example, the analytical results for the relaxation rate and the dephasing rate, 1/T 1 and 1/T 2 , can be derived under the Markovian approximation [14] as
The Markovian dynamics of the two-level system is simulated with the initial state of the open system being set to the excited state |e of the two-level system. We set the unitary evolution time ∆ 0 τ = 30, and we obtain the evolution of the state of the open system. The relaxation dynamics of the two-level system is shown in Fig. 3 .
From Fig. 3 , we can see that there is a clear discrepancy between the relaxation rates obtained from the numerical simulation and the exact results given by Eq. (43). This discrepancy is due to the fact that we used Eq. (14) to determine the coupling coefficients c k even though only eight δ-peaks are used to represent the spectral density:
Each δ-peak has the analytical form [16] In Eq. (14), a good approximation can be achieved when many δ-peaks are used to represent the spectral density and the peaks cover a sufficiently wide range of frequencies. The eight peaks used in our simulation do not satisfy these conditions.
In order to further demonstrate the above explanation of the discrepancy, in Fig. 4 we show the relaxation rate as a function of the frequency ω s of the two-level system. There we compare the numerical results obtained from the simulation, the analytical results obtained This systematic deviation from the exact results can be eliminated by plugging in the We do not perform any numerical calculations for the simulation of pure dephasing using telegraph noise here, because such calculations would follow closely similar calculations that have been performed in the literature in theoretical studies of telegraph-noise-induced dephasing (see, e.g., Ref. [31, 37] ).
V. CONCLUSION
In this paper, we have presented an algorithm for simulating the Markovian dynamics of an open quantum system. The algorithm takes as an input the Hamiltonian of the open system, the operators through which the open system interacts with the environment, the spectral density of the environment and temperature. One therefore does not explicitly deal with the master equation describing the dynamics. In the simulation, the environment is represented by a set of ancilla qubits that are designed to have the same effect on the open system as the simulated environment. We have also shown that different dissipation channels can be implemented sequentially, thus reducing the number of qubits needed to represent the environment. Pure dephasing also allows a reduction in the number of needed qubits, since it can be induced by a properly designed classical noise signal. The algorithm can also be used to simulate non-Markovian dynamics.
In the present algorithm, the ancilla qubits play a rather passive role in the sense that they only facilitate the dissipative dynamics of the system. These ancilla qubits could be used in a more active role as probes or actuators for the open quantum system. By monitoring the response of these ancilla qubits as they interact with the open system, one could obtain the energy spectrum of the system. Once the spectrum is known, the ancilla qubits can also be used to provide or absorb any given amount of energy and guide the system to any desired energy eigenstate. The details of this algorithm will be presented elsewhere.
